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This study investigates the continuum radiative flux 
from nonisothermal stagnation shock layers composed of 
atomic gases. The general equations for the composition 
are derived and the Rankine-Hugoniot equations are simpli-
fied and solved to give the thermodynamic conditions of 
the shock layers. 
To accurately model the stagnation shock layer, the 
plasma must be considered to be nonisothermal. In the 
current study, linear shock layer temperature profiles are 
assumed. Consequently, the fluid dynamics and the radiation 
are uncoupled. The radiation model assumes one-dimensional 
radiative energy transport and considers only continuum 
processes. 
The radiative flux is calculated by considereing 
ground to free state radiative transitions in hydrogen 
plasmas. The effect of Mach number, ambient density, spa-
cial variation of the absorption coefficient, shock layer 
thickness, excited state and temperature profiles are 
examined. The principle of superposition extends the 
results to multiple electronic state atomic gases. The 
method is applied to helium, argon and xenon plasmas. 
The results show that the flux to the wall first in-
creases then decreases as Mach number increases at constant 
iii 
ambient density. When ambient density is increased at a 
constant value of T , the flux increases continuously for 
r 
the isothermal case; while for the nonisotherrnal cases 
the flux first increases~ decreases. This study ernpha-
sizes the effect of variable shock layer composition. 
The ground state population decreases as one moves away 
from the wall; while the excited state population increases. 
The ground state flux from the constant composition shock 
layer is smaller than the flux from variable composition 
shock layers at values of optical thickness less than 
unity and larger at values of optical thickness greater 
than unity; while the excited state flux from constant corn-
position shock layer is larger than the flux from variable 
composition shock layers at values of excited state optical 
thickness less than unity and smaller at values of optical 
thickness greater than unity. The assumption of constant 
shock layer composition gives a good approximation of the 
shock layer flux near optical thicknesses of unity. 
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I. INTRODUCTION AND REVIEW OF LITERATURE 
Heat transfer is a very complex phenomenon because of 
the coupling of conduction, convection and radiation. Con-
duction and convection have been familiar to engineers for 
many years; however, radiative transfer in gases has 
become important to engineers in recent years due to the 
development of shock tube and the interest in atmospheric 
reentry. The complexity of the radiative transfer problem 
has precluded precise treatment of every feature of the 
radiative fields. 
Many investigations of the radiative transfer from 
shock layers have been published(l-?). Goulard (B) con-
sidered the coupling between radiation and convection. 
He considered a model that uncoupled the radiation from 
the fluid dynamics and he showed that acceptable results 
for most ballistic and earth reentry problems could be 
obtained by considering isothermal shock layers. For return 
from moon and planetary exploration the reentry velocity 
is high and the shock layer thickness becomes large; con-
sequently, radiation losses become important and the 
radiation must be coupled to the fluid dynamics. For these 
conditions Goulard concluded that the radiative flux in the 
forward direction and to the wall is overestimated by con-
sidering an isothermal shock layer; however, the radiation 
from an isothermal shock layer represents a first order 
approximation to the correct result. 
2 
Lasher, Wilson and Grief(g) considered the energy 
radiated from an isothermal hydrogen plasma. They investi-
gated both line and continuum processes and obtained re-
sults for temperatures between l0,000°K and 40,ooo°K, 
pressures between 0.1 and 10 atmospheres and plasma thick-
ness between 0.1 and 10 em. They showed that the importance 
of the continuum radiation increased as the temperature and 
pressure increased. 
Nelson and Goulard(lO) considered line and continuum 
radiation from isothermal shock layers containing mixtures 
of hydrogen and helium. The radiative emission was calcu-
lated for shock layer temperatures between 15,000°K and 
0 0 33,000 K for pure hydrogen cases and between 32,000 K and 
80,000°K for pure helium cases. Line radiation was 
generally more important than the continuum radiation at 
low ambient densities. As the ambient density increased, 
the continuum radiation became more important than the 
line radiation. They showed that the shock layer is opti-
cally thin at low ambient densities and that it becomes 
optically thick as the ambient density increases. 
Mandell and Cess(ll-l 3 ) considered radiative transfer 
in nonisothermal hydrogen plasmas for several cases: 1) 
radiative equilibrium, 2) pure radiation with uniform heat 
generation, 3) combined conduction and radiation, and 4) 
interaction of conduction, convection and radiation. They 
assumed the Planck function to be a linear function of 
3 
temperature. They used the exponential approximation 
and calculated both line and continuum radiation. Their 
results indicated that line radiation is important only in 
optically thin plasmas. 
Nelson and Crosbie(l4 ) considered the continuum 
radiative flux from a nonisothermal stagnation shock layer 
composed of an atomic gas. Their results were derived 
considering the ground to free state radiative transition; 
however, they used the principle of superposition to extend 
the results to include the excited state bound-free radia-
tions. They assumed that the absorption coefficient was a 
separable function of space and frequency. The spacial 
variation of the absorption coefficient was taken to be 
constant and the spectral variation was assumed to vary 
as 1/vn for n = 0,1,2,3 in their work. Their model can be 
made to represent any atomic gas by adjusting the position 
of the ionization edge and the spectral form of the absor-
ption coefficient. They emphasized the importance of the 
ionization edge location and the influence of the spectral 
shape of the bound-free radiative cross section. Their re-
sults showed that for the isothermal case the flux to the 
wall first increases and then decreases when the value of 
ionization edge is increased at constant optical thickness; 
whereas when the optical thickness is increased at a con-
stant value of the ionization edge, the flux increases 
continuously toward its optically thick limit. For the 
4 
nonisothermal cases, the flux to the wall first increases 
and then decreases as the value of ionization edge is 
increased at constant optical thickness. Also, the flux 
first increases and then decreases as optical thickness 
increases at constant values of the ionization edge. 
This study investigates the flux to the surface of a 
reentry vehicle and the flux from the rear boundary of a 
shock layer propagating down a shock tube. The atomic 
gases considered are hydrogen, helium, argon and xenon. 
Two atomic models of the gas are considered. First, the 
atoms are assumed to have only one electronic state - the 
ground state - so that the plasma contains only ground state 
atoms, ions and electrons. Second, in order to investigate 
the influence of the excited states the atom is allowed to 
have two electronic states - the ground and first excited 
state. The ions are assumed to exist in their ground 
electronic state. 
This study attempts to further the understanding of 
radiative transfer from a shock layer through the develop-
ment and analysis of a simple radiative-fluid-dynamic model. 
The details of this model are presented in the next chapter. 
The third and fourth chapters contain the development and 
results of the composition equations and Rankine-Hugoniot 
equations respectively. Chapter V, VI, and VII present and 
discuss the radiative results. 
5 
Results were obtained as a function of Mach number for 
two general conditions; one representing those in a shock 
tube and a second representing those of reentry. For the 
shock tube case the ambient conditions were T = 300°K 
0 
and P = 1 em Hg, while for the reentry case the ambient 
0 
conditions were given in terms of the ambient density which 
was varied from 10-9 to 10-6 g/cm3 . 
6 
II. PHYSICAL MODEL AND GOVERNING EQUATIONS 
The shock layer model uncouples the fluid dynamics 
from the radiative transfer by assuming a temperature 
profile. It assumes the shock layer to be composed of an 
equilibrium atomic plasma bounded by the shock wave, loca-
ted a distance L from the body, and the body (or the rear 
boundary of the shock layer) . The temperature in the 
shock layer is assumed to vary linearly from the shock 
wave to the body. The maximum temperature (denoted by T ) 
r 
is assumed to occur at the shock as shown in Figure 1. The 






(l - e > 
0 
X 
where 9 is the nondimensional gas temperature at the wall. 
0 
The reference temperature, T , and the density of the shock 
r 
layer are obtained by solving Rankine-Hugoniot equations 
for a given ambient density and Mach number (see Appendix 
A). The density of the shock layer is assumed to be 
constant. 
The simplification of the radiation model and its flux 
calculation have been obtained previously by Nelson and 
Crosbie(l 4 ), and the general details are reproduced here 
in the following paragraphs. 
7 





X=O X= I 
T=O T=To 
Figure 1. Physical model 
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The shock layer model is based upon the following 
assumptions: 1) local thermodynamic and chemical equili-
brium; 2) one-dimensional radiative energy transport; 3) 
radiation emitted from the body (or the rear boundary of 
the shock layer) is negligible; 4) precusor effects are 
negligible; and 5) line radiation and influence of simu-
lated emission are not considered. 
The radiative flux at any position T in the shock 
layer can be written as 
F(T) ~ 2 J: J:o ebv(t) Sgn(T-t)a(V)E2 [a(V) I T-tl ]dtdV 
(2-1) 








The absorption coefficient has been assumed to be a 
separable function of position and frequency, i.e., Kv(x)= 
a(V) •B(x) in this development. The Planck function is 
denoted by ebV(t), and E2 (x} is the exponential integral 
of order 2. 
9 
The function, (3 (x) = 2: a 
i ci 
N. (x) 
l , depends on the composi-
tion of the plasma through the number density of ith atomic 
level N. (x) and the absorption cross section at the ioniza-
1 
tion edge of ith atomic level 0 . • Thus, the evaluation of Cl 
the radiative flux in the shock layer requires a knowledge 
of the composition, which is a function of the temperature 
profile. ~(x) was treated as a constant in the previous 
work of Nelson and Crosbie(l4 ). The present study extends 
their work to include variable (3. The equations for 0 . Cl 
are given in Appendix B. 
The frequency variation of the absorption coefficient 
is assumed to be 
M 




ai(v) = 0 \) < \)· 1 
\). q 
ai(v) = ( ---2:.) \) > \), 
\) 1 
(2-3) 
The ground state corresponds to i = 0, while the first 
excited state corresponds to i = 1. The parameter q indi-
cates the spectral shape a.(v). Equation (2-2) can be 
rewritten in the following form: 
a (v ) = 0 
a (v ) = a (v ) 
m 
\) < \) 
m 
< \) 1 m-
·, 
10 
v < v < v 
m-1 m-2 
( 2-4) 
v > v • 
0 
Often the excited state absorption coefficient a. is J.. 
negligible at the frequency edge v. 1 . This implies that J..-
aJ... is important only in the spectral interval of v. < v < J.. -
vi-l" Mathematically, this approximation can be represen-
ted by 
a(v) = 0 
a(v) = am(v) 
v < v 
m 
v < v < v 1 m m-
v > v 
0 
(2-5) 
This approximation is quite important, since it allows the 
superposition of the radiative flux from various excited 
states. A plot of a(v) in Equation (2-5) with q=3 for hy-






F. (2 -6) J.. 
Fi(T) = 2 ebv(t)Sgn(T-t)ai(v)E 2 [ai(v)IT-t!J fvi-1 JTi 
vi 0 dtdv 




0~~~---=~===-~~--------~~ 0 1.51 3.4 13.4 
hv <ev> 
Figure 2. The frequency variation of the absorption 
coefficient for hydrogen (q = 3) 
v_ 1 is defined as infinity. When 
the radiative flux becomes 
25 
Fi(T) = 2 Joo JTi ebv(t)Sgn(T-t)ai(v)E 2 [ai(v) IT-t!]dtdv 
v. 0 
l (2-9) 
Thus, with the approximation of (2-5) and (2-8), the con-
tinuurn radiative flux from an excited state is equilvalent 
to the continuum radiative flux from the ground state if 
one compensates by changing the position of ionization edge. 
Evaluating Equation (2-9) for the appropriate values of 
12 
v. and T., and superposing the solutions via Equation 
1 1 
(2-6), allows one to calculate the radiation from several 
bound-free transitions. 
-Defining a nondimensional frequency, v = hv/kT , the 
r 
dimensionless radiative flux to the wall (or the rear 
boundary of the shock layer) is 
-F. (0) 
1 
F. ( 0) 
1 




'TT cr v. 0 
1 




The flux given 1n Equation (2-10) is calculated using 
double numerical integration presented in Appendix C. 
13 
III. COMPOSITION 
In order to compute the absorption coefficient of 
a plasma, it is necessary to know the number densities of 
the various chemical species that are present. If the 
shock layer consists of an atomic gas, the species that 
can be present are: electrons, ions and atoms. The 
ionization process of the atomic gas is represented by 
X + X X+ + e + X ( 3-l) 
+ where X represents any species, X represents an ion and e 
represents an electron. 
The degree of ionization, a, is the fraction of the 
atomic gas that is ionized and may be written as(lS) 
1/2 
a = ~ [ ( 1 + 4/A) - l] (3-2a) 
where 
A = (3-2b) 
A is the equilibrium constant of the reaction expressed by 
Equation (3-l) divided by the total initial pressure (NkT) 
of the reaction. The electronic partition function is 
denoted by z, I represents the ionization energy and m the 
mass of the specie denoted by the subscript. The sub-
scripts i, i+, and e are used to indicate atoms, ions and 
14 
electrons respectively. p is the density of the plasma. 
The function A contains all the physical properties of 
the specific gas as well as the thermodynamic properties 
of the shock layer. The degree of ionization is comple-
tely determined by A. A plot of a as a function of A is 
shown in Figure 3. 
In this study, the gas is assumed to be singly ionized 
by the collisional process given in Equation (3-1). The 
ions are allowed to exist only in their ground state; 
therefore, the electronic partition function of the ions, 
Zt+' is equal to the ground state degeneracy. The elec-
tronic partition functions of hydrogen, helium, argon and 
xenon and their ions are given in Appendix D. 
The degree of ionization for the plasma when the atoms 
are assumed to have only one electronic state (the ground 
state) is shown in Figures 4 to 7 as a function of tem-
perature and density. Figure 4 shows a for hydrogen, 
Figure 5 for helium, Figure 6 for argon and Figure 7 for 
xenon. Each figure gives a for seven different densities. 
The results illustrate that for a constant temperature a 
increases as the plasma density decreases, because A is 
proportional to 1/p and a is directly proportional to A. 
The degree of ionization for the plasma when the atoms 
are allowed to have only ground state (n = 1) is slightly 
greater than when both the ground and first excited state 
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Figure 4. Degree of ionization of hydrogen 







Figure 5. Degree of ionization of helium plasmas 
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Ar 
15000 20000 25000 30000 
T (°K) 
Figure 6. Degree of ionization of argon plasmas 
19 
10000 15000 20000 
Figure 7. Degree of ionization of xenon plasmas 
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increases due to the addition of the second electronic 
state. The difference in the degree of ionization for 
the cases n = 1 and n = 2 increases as density increases 
at constant temperature as is shown in Figure 4. 
The degree of ionization depends on the mass and the 
ionization potential of the atom through the function A. 
As tie atom mass increases and the atom ionization potential 
decreases, the degree of ionization of the plasma increases 
at constant temperature and density. This is illustrated 
in Figure 8. The difference in the degree of ionization of 
hydrogen, argon and xenon plasmas at a given temperature 
is mainly due to the difference in their mass because their 
ionization potentials are approximately the same. The 
degree of ionization of helium is much lower than that of 
the other three gases at a given temperature because of its 
large ionization potential. 
The composition of the ionized gas may be easily 
calculated if the degree of ionization is known. 
definition of a it follows that 
and 
N = {1 - a)N t 
N + = N = aN t e 
From the 
where N.is the initial number density of the atomic gas. 
The composition of each electronic level atom may be found 






Comparison of degree of ionization 
(p = lo-s g/cm3) 
22 
g N 
N = 0 (1 a) -0 z~ 
and 
Nl 
glN (1 a)exp(-E 1/kT) = z; -
while 
N~+ = N = aN e 
where g 0 and g 1 are the degeneracies of the ground and 
first excited state atom respectively, and El is the energy 
of the first excited state. 
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IV. RANKINE-HUGONIOT RELATIONS 
The Rankine-Hugoniot equations relate the variables 
of state on either side of a shock front. They represent 
the conservation principles of mass, momentum and energy 
respectively and can be written as( 23 ) 
pOVO = plVl ( 4-1) 
p + v 2 pl + 2 (4-2) 0 Po o plVl 
i + 1/2 v 2 il + 1/2 vl 
2 (4-3) = 0 0 
where V is the gas velocity component normal to, and with 
respect to the shock. The subscripts 0 and 1 label the 
quantities in front and behind the shock respectively. 
For a strong shock p V 2 >> P 0 0 0 and 
1 V 2 >> i 2 o o' 
therefore, i and P will be neglected. 
0 0 
The enthalpy 
behind the shock is 
2 * kT1 az. pl 
il L: 
N· 1 ] = 1 + 
pl i z~ (jTl pl 
1 
( 4-4) 
and the pressure behind the shock 1s 
pl = kTl L: N. 
i 1 ( 4-5) 
= kTl pl (1 + a.) 
m.Q, 




zt+ = (Zt+)e(Zt+)t e-I£/kT e-D/2kT 
* (Z )e(Z )t -D/2kT z£ = e (4-6) £ £ 
* (Z )e(Z )t z = e e e 
The superscripts t and e are used to indicate the transla-
tiona! and electronic partition function respectively. 
The dissociation energy (D) for hydrogen is 4.476 ev and 
zero for helium, argon and xenon. 
Performing the indicated differentiation in Equation 











= l [ 1_ + l f (T ) ] Tl 2 kTl l'n ( 4-7) 
= 
Using Equation (4-7) the enthalpy behind the shock wave 
becomes 
where 
f(T 1 ,n) 
fi gn(En+D/2)exp(-sn/kT1 ) 
= fi gn exp(-sn/kT1 ) 
( 4-8) 
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In the definition of f(T 1 ,n) the sum over n represents the 
s.urn over the electronic states of the atom. This sum is at 
most over only the first two states in the current study. 
The calculation of the density and temperature behind 
the shock wave involves a system of five equations (4-1, 
4-2, 4-3, 4-5 and 4-8) and five unknowns p 1 , T1 , v1 , P 1 
If one defines the density ratio across the shock 
by K = p 1 /p 0 , the set of equations reduces to two equations: 
and 
2 It+D/2 f(T 1 ,n) 
+ V [- --- + 2 - kT ] = 0 
o kTl l 
1 ) - 1] = 0 K 
( 4-9) 
( 4-10) 
The degree of ionization, a(T 1 ,K), is a function of density 
and temperature and is defined by Equation (3-2). 




K = 2a 
( 4-11) 
where 
1 v 2 It+D/2 
2f(T1 ,n) 
a = + mt 2 0 mt 
f('l].,n) It+D/2 5 v 2 b = [ kT ] kT 1 - -] ' 2 0 1 
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and 
I~+D/2 f(T 1 ,n) 
c = [ kT + 2 - kT ] V 2 
1 1 ° 
In Equation (4-11), the positive sign must be used. 
The solution of equations (4-10) and (4-11) is found 
using an iteration process. An initial value of temperature 
(TiO) = 2000°K) is assumed and K is calculated from (4-11). 
The values of T(O) and K(O) are then used to calculate 1 
"'(0) . . ( ) h (0) (O) (0) ~ us1ng Equat1on 3-2 , t en a , T and K are 1 
substituted into Equation (4-10). If Equation (4-10) is 
not satisfied to a prescribed accuracy, T 1 is increased 
(oT = 1000°K) and the process is repeated. This process 
continues until Equation (4-10) changes sign. When this 
occurs Tl is decreased by oT, oT is decreased by a factor 
of 10 and the process is repeated. The solution is 
assumed to be obtained when oT is equal to 0.1. It takes 
about 1 to 3 seconds to arrive at the solution on the IBM 
360-50 computer. 
Tables A-1 and A-4 (see Appendix A) give the Rankine-
Hugoniot solutions for the four gases of interest for 
ambient conditions of T = 300°K and P = 1 em Hg (p 0 = 0 0 
p 
0 
as a function of Mach number. The Mach number 
is defined using the isentropic speed of sound in Appendix A. 
Tables A-5 and A-6 give the Rankine-Hugoniot solutions 
for shock waves in hydrogen as a function of Mach number 
for different ambient densities. In general, the temper-
ature of the shock layer increases as the ambient density 
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increases at constant Mach number because more kinetic 
energy is available to be converted to thermal energy. 
Also, as the density increases the degree of ionization 
decreases (see Equation 3-2) because a larger percentage 
of the kinetic energy is used to increase the temperature 
rather than the degree of ionization. 
The temperature behind a shock wave in hydrogen is 
shown in Figure 9 as a function of Mach number for ambient 
conditions ofT = 300°K and p = 10-9 to 10-6 g/cm3 . 
0 0 
The atom is allowed to have only the ground electronic 
state. Figure 9 also shows the percentage change in the 
temperature behind the shock when both the ground and first 
excited state are considered. 
The temperature behind the shock wave increases as 
the Mach number increases at constant ambient density 
because more kinetic energy becomes available to be conver-
ted to thermal energy. 
The temperature behind the shock wave when only the 
ground state is considered (n = 1) is greater than that 
when both the ground and first excited state are allowed 
to exist (n = 2) at small Mach numbers because for n = 2 the 
atoms have an additional state to exist in. The reduction 
in temperature for n = 2 is proportional to the energy 
required to populate the excited state. The electrons that 
populate the excited state require energy E 1 ; thus, they 
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When temperature is high the n = 1 and n = 2 cases pro-
duce about the same number of electrons (the n = 1 case 
slightly greater) and the n = 2 case allows some of the 
electrons to only go to excited state instead of becoming 
free. The energy (I - s 1 ) is then left to increase tem-
perature; consequently, the temperature for the n = 2 case 
becomes greater than it is for the n = 1 case at large Mach 
numbers. 
As ambient density increases the temperature behind 
the shock wave increases, increasing the excited state popu-
lation; thus, the excited state influences the temperature 
to a greater extent. However, the overall difference in 
temperature between the n = 1 and n = 2 cases is very small 
and never becomes greater than 0.1% for the densities of 
interest. 
For a given Mach number, the shock velocity in hydro-
gen is greater than it is in the other gases, however the 
temperature behind the shock wave is smaller as is shown in 
Figure 10. For a shock wave in hydrogen at a given Mach 
number the kinetic energy is about 2.5 times less than it 
is for the other three gases; consequently, less energy 
is available to be converted to thermal energy behind the 
shock wave. 
Figure 10 gives the temperatures behind a shock wave 
in hydrogen, helium, argon, and xenon when the atoms are 






Figure 10. Rankine-Hugoniot solutions (H, He, Ar 








solutions depend only on the ambient density and velocity. 
Specifying P and T thus specifies the ambient density 
0 0 
which will be different for different gases for the same 
P and T . 
0 0 The plasmas behind the shock wave become 
fully ionized (see Appendix A) at Mach numbers near 30 
for xenon and 35 for argon. As the Mach number increases 
beyond these values, the increase in kinetic energy con-
tributes almost directly to an increase in temperature; 
therefore, the temperature increases rapidly at higher 
Mach numbers. 
For a given Mach number, the kinetic energy in front 
of the shock wave in helium, argon and xenon is about the 
same; therefore, the temperature behind shock waves in 
these gases depends on the magnitude of their ionization 
potentials. For xenon (which has the lowest ionization 
potential) at low Mach numbers a large percentage of the 
kinetic energy is used to ionize the gas, thus keeping the 
temperature lower than that of argon and helium where more 
energy is used to increase the temperature. As the Mach 
number increases xenon becomes fully ionized first and 
further increase in kinetic energy increases the temperature. 
The same phenomenon occurs for argon and in turn for helium, 
but at higher Mach numbers since larger values of energy 
are needed to ionize these two gases. 
In order to access the accuracy of the current 
approximations the results are compared with those of 
Nelson(lS) in Table A-7. The difference reflects the 
32 
importance of the excited states. Note that the excited 
states become less important as density decreases. 
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V. SHOCK TUBE PROBLEM 
The radiative flux from a shock layer of fixed thick-
ness was calculated as a function of Mach number for shock 
waves propagating in a shock tube. The flux was calculated 
at the rear boundary of the shock layer. If a model was 
being tested in a shock tube, this would represent the 
stagnation flux to the model. The ambient gas was taken 
to be molecular hydrogen at T = 300°K and P = 1 em Hg. 
0 0 
The shock layer thickness was assumed to be 0.01 em and 
the effect of the composition in the shock layer was ob-
tained by comparing solutions in which B was assumed to 
be constant with those in which B was allowed to vary. 
Then, the influence of shock layer thickness is examined 
by varying shock layer thickness between 0.0001 and 100 
em. Finally, the flux from the first excited state as 
well as the ground state was considered. 
A. Ground state 
1. Influence of shock layer temperature profiles 
The influence of the shock layer temperature profiles 
on the radiative flux is investigated in this section. The 
shock layer is assumed to be composed of hydrogen and its 
thickness is fixed at 0.01 em. 
Figure 11 gives the shock layer optical thickness (T 0 ) 
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Figure 11. Optical thickness of hydrogen shock layers (n = 1, 
T = 300°K, P = 1 em Hg) 
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profiles. The optical thickness is divided by L so that it 
applies any shock layer of thickness L for the current 
ambient conditions. Since the free-free contribution to 
the optical thickness is neglected, T is proportional to 
0 
the population of atoms (N = £(1-a)) Thus, T increases 
o m • o 
as the shock layer density increases and decreases as the 
degree of ionization in the shock layer increases. The 
density of the hydrogen plasma in the shock layer first 
increases as Mach number increases and reaches a maximum 
near a Mach number of 46 and then decreases slightly as 
Mach number increases to 50 (see Table A-1). Meanwhile, 
the degree of ionization in the shock layer increases 
continuously as Mach number increases from 26 to 50. For 
the isothermal case, the optical thickness increases very 
slightly at small Mach numbers and then decreases rapidly 
as the Mach number continues to increase. The slight 
increase T at small Mach numbers is due to the increase 
0 
in density. The decrease is due to the increase in the 
degree of ionization which depopulates the ground state. 
For the nonisothermal cases T 0 first increases with 
Mach number and reaches its maximum and then decreases. 
The maximum optical thickness occurs at larger Mach numbers 
as e decreases because there is always a cool region in the 
0 
shock layer where the degree of ionization is small which 
contributes to T • 
0 
The optical thickness increases as e0 
decreases at constant Mach number because the physical 
thickness of the cooler region in the shock layer increases, 
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increasing the ground state population and in turn the 
optical thickness. 
Figures 12 and 13 show the nondimensional temperature 
(S) in the shock layer as a function of the optical depth 
at Mach numbers of 30 and 50 fore = 0.5 and 0.0, respecti-
o 
vely. The optical depth is divided by optical thickness 
to allow the figure to be used for different shock layer 
thickness. For the case of constant S, the shock layer 
temperature is a linear function of the optical depth 
since the composition in the shock layer is treated to be 
constant. For variable S cases, the temperature first in-
creases with optical depth slowly then increases rapidly 
as optical depth continues to increase because the ground 
state becomes depopulated in the high temperature region. 
Note that the variation of optical depth with x can be 
found easily by recalling that x is a linear function of 
e. 
At a Mach number of 50, the deviation of the optical 
depth as one varies e is greater than that it is at a 
0 
Mach number of 30. The ground state population in the 
shock layer changes more as one traverses the shock layer 
at a Mach number of 50 than it does at a Mach number of 30. 
The optical thickness used in Figures 12 and 13 is given 
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Figure 12. Variation of shock layer temperature 
with respect to optical depth (H, 
n = 1, T = 300°K, P = 1 em Hg, 
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Figure 13. Variation of shock layer temperature 
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Table I. Values of T 
0 
Constant S 





~ =0.5 ~ =0.0 
0 0 
42.3L 43. 6L 
32.1L 42.6L 
39 
Figure 14 gives the flux as a function of Mach number 
for three different temperature profiles. The flux from 
the isothermal shock layer first increases, reaches its 
maximum, and then decreases as the Mach number increases. 
The raditive flux increases with Mach number because the 
temperature increases, which increases the strength of 
source function. In addition as the temperature increases 
the ultraviolet region of the spectrum where the ground 
state radiates increases in importance. As the Mach num-
ber continues to increase the flux reaches a maximum and 
begins to decrease because the temperature becomes so high 
that the ground state becomes depleted causing the emission 
decrease. Also, the absorption coefficient decreases 
rapidly near the ionization edge, especially as the ioniza-
tion edge decreases at the high temperatures. Consequently, 
the flux, which is proportional to ebv a(v)decreases. Note 
that for the shock layer thickness of 0.01 em the shock 







Radiative flux from hydrogen plasmas 
(n = 1, T = 300°K, P 0 = 1 em Hg, L = 
0.01 em) 0 
41 
The flux from the nonisotherrna1 shock layer in the 
direction away from the shock behaves similarly to that of 
the isothermal case. The flux for nonisothermal cases 
increases continuously as Mach number increases because 
the ground state is not depopulated to the same extent 
as it is in the isothermal case. It is depleted over the 
region of the shock layer near the shock wave, but remains 
highly populated in the cooler regions of the shock layer. 
The magnitude of the flux decreases with ~0 at con-
stant Mach number, because the radiation reaching the rear 
boundary of the shock layer is emitted in progressively 
cooler regions of the plasma. On the average the source 
function strength decreases with ~0 • Note again that the 
shock layer never becomes optically thick for the current 
conditions. 
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2. Influence of shock layer thickness 
The influence of shock layer thickness is investigated 
for shock waves in hydrogen with ambient conditions of 
P = 1 em Hg and T = 300°K. 0 0 The results are presented 
for the two Mach numbers: 30 and 50. 
Figures 15 and 16 give the radiative flux at the rear 
boundary of the shock layer as a function of the shock 
layer thickness at M = 30 and 50 respectively for three 
0 
temperature profiles: eo= 1.0, eo = 0.5; and eo = 0.0. 
For the isothermal case the flux increases as the 
shock layer thickness (L) increases because emission is 
more important than absorption. As L continues to increase, 
absorption becomes important because of the increase in 
optical thickness (see Figure 11) and the flux approaches 
its optically thick limit from below and does not increase 
flux for further increase of L. 
For the nonisothermal cases the flux increases as L 
increases because emission is more important than absorp-
tion. As L increases further, absorption becomes impor-
tant and the flux from the high temperature region near 
the shock wave is attenuated. As L increases further 
the attenuation increases, allowing very little of the 
radiation from the region near the shock to reach the rear 
boundary of the shock layer, thus reducing the flux. 
Finally, as L becomes very large the flux emitted in the 
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Figure 15. Radiative flux from hydrogen plasmas at 
M = 30 (n = 1, T = 300 K, P = 1 em Hg, 








Figure 16. Radiative flux from hydrogen plasmas at 
M = 50 (n = 1, T = 3QQOK, P = l ern Hg, T 0=25512o~ 0 0 
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which is emitted in the cool region near the boundary 
reaches the rear surface of the shock layer. 
In the optically thick limit, the radiation which 
reaches the rear shock layer boundary behaves as if it 
were emitted from an opaque isothermal plasma at the 
temperature of the rear boundary. 
fl b . ( 14) ux may e wrltten as 
where 
F(O)=- 9 4 [l- D{V./9 )] 
0 l 0 






In this limit the 
D(z) is the Debye function. In the thick limit for 
9 0 = 0.0, the plasma near the rear boundary will appear to 
be an opaque gas at zero temperature and the flux will be 
zero. 
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3. Influence of variable shock layer composition 
The spacial variation of absorption coefficient, 
S(x), is a function of the composition of the plasma. 
Nelson and Crosbie(l 4 ) assumed that S was a constant in 
their work. The accuracy of their assumption is investi-
gated in this section by calculating the flux at the rear 
boundary of the shock layer with constant S and comparing 
it with the current results (variableS). The results 
are presented for Mach numbers of 30 and 50. 
For the constant S case, S is evaluated at the shock 
wave. Of course, the value of B influences the optical 
thickness of the plasma. If S is assumed constant, the 
optical thickness will be the same for any temperature pro-
file. However, when S is assumed to vary, the optical 
thickness changes as the temperature profile changes. Some 
of these data is given in Table I. 
Figure 17 shows the absolute value of the difference 
in flux between constant and variable S divided by the 
flux for variable B as a function of the shock layer thick-
ness for M = 30 and 50. When the shock layer is optically 
0 
thin, the flux for variable B is greater than it is for 
constant s. As the shock layer becomes optically thick 
the flux for constant S becomes greater than it is for 
variable s. The flux for constant S and variable S 
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Figure 17. Flux difference between variable S and 
constant S (n = 1, T = 300 K, P = 1 
em Hg, M = 50, 0 - - - M = ~0) 
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When T is small the flux is proportional to 
0 
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e -- · a(v)T , thus the flux from variable B shock layers bv o 
is greater than that from constant B shock layers because 
the variable B shock layers have larger optical thicknesses. 
When T becomes large,attenuation becomes important. 
0 
Thus, 
the flux from variable S shock layers is less than that 
from constant S shock layers because the optical thickness 
of variable B shock layers is greater. 
The assumption of constant B is only good near T 0 =1 
where error is less than 5% or so. 
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B. Influence of the excited state 
The results considered to this point have involved 
only the ground state. In this section the radiation 
from the first excited state will be considered. The total 
radiative flux can be found by superposition. The ambient 
conditions are assumed to be T = 300°K and P = 1 em Hg 
0 0 
and the gas is assumed to be hydrogen. 
1. Influence of shock layer temperature profiles 
The influence of the shock layer temperature profiles 
on the excited state flux is investigated in this section 
assuming hydrogen plasma at a fixed shock layer thickness 
of 0.01 em. 
The population of the first excited state is much 
smaller than the ground state population for the shock 
layers considered in this study. In fact, the population 
of the first excited state is always less than 5% of the 
population of the ground state and its influence on the 
ground state is small. Therefore, it can be assumed that 
the ground state population is not affected by the addition 
of the excited state, and the excited state radiation can 
be added directly to the ground state radiation. 
Figure 18 shows the excited state optical thickness as 
a function of Mach number. For the isothermal case, it 
first increases with Mach number because the temperature 
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gen shock layers (n = 2, T = 300°K, 0 
P = 1 em Hg) 
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At high Mach numbers, it reaches a maximum and decreases 
because the excited state becomes depopulated. For the 
nonisotherma1 cases, the excited state optical thickness 
continuously increases as Mach number increases from 26 
to 50 because there is always a cool region in the plasma 
where the excited state is populated. The excited state 
optical thickness decreases as & decreases; whereas the 
0 
ground state optical thickness increases as & decreases. 
0 
An increase in temperature increases the population of the 
excited state increasing its optical thickness until the 
temperature becomes so high that it begins to deplete the 
excited state, while an increase in temperature always 
decreases the ground state population decreasing its opti-
cal thickness. 
Figures 19 and 20 show the nondimensional temperature 
in the shock layer as a function of the excited state opti-
cal thickness for the cases of M0 = 30 and 50 for &0 = 0.5 
and 0.0 respectively. The excited state optical depth is 
divided by its excited state optical thickness to allow 
the figure to be used for different shock layer thickness. 
For the constant S case, the temperature is a linear func-
tion of the excited state optical depth because the excited 
state population is constant in the shock layer. For the 
variable S cases, temperature first increases with excited 
state optical depth very rapidly because of the low temper-
ature and unpopulated excited state. As optical depth 
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Figure 19. Variation of shock layer temperature with 
respect to excited state optical depth 
(H, n = 2, •r = 300°K, P = 1 ern Hg, f:t = 
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Figure 20. Variation of shock layer temperature with 
respect to excited state optical depth (H, 
0 n = 2, T = 300 K, P = 1 em Hg, & = 0.0) 
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the high temperature region of the shock layer where the 
excited state becomes populated. Again note that the 
variation of the excited state optical depth with x can be 
easily found by recalling that x is a linear function of 
e. 
The excited state optical thickness used in Figures 
19 and 20 is given in Table II. 
Table II. Values of Tl 
M = 30 
0 
M = 50 
0 
Constant S 









Figure 21 shows the flux from the ground state and 
the total flux at the rear boundary of the shock layer as 
a function of Mach number for the isothermal and noniso-
thermal shock layers. The total flux is obtained by 
adding the excited state flux to the ground state flux. 
The magnitude of the excited state flux is much smaller 
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Figure 21. 
30 34 
Radiative flux from hydrogen plasmas 
(n = 2, T = 300°K, P = 1 ern Hg, L = 
0.01 ern, 0 - - - groun8 state,---
ground + excited) 
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2. Influence of shock layer thickness and variable 
shock layer composition 
The influence of shock layer thickness on the excited 
state flux is examined for shock waves in hydrogen with 
ambient conditions of T = 300°K and P = 1 em Hg. The 
0 0 
results are presented for two Mach numbers (30 and 50) 
with 9 0 equal to 0.5. The excited state flux was calcula-
ted for constant S as well as for variable s. This allows 
one to investigate the accuracy of the assumption that 
S = constant. 
Figures 22 and 23 give the flux at the rear boundary 
of the shock layer from the ground state, the excited state 
and their sum as a function of the shock layer thickness 
for M = 30 and 50 respectively. The ground state flux 0 
is larger than the excited state flux for small values of 
the shock layer thickness (L). As L increases, the ground 
state flux increases and reaches its maximum and then falls 
off rapidly because of the influence of self-absorption and 
the temperature profile. It quickly becomes negligible 
with respect to the excited state flux. As L continues to 
increase, the excited state flux reaches its maximum and 
begins to fall off due to the same processes. 
The ground state flux for variable S is greater than 
it is for constant S at small values of L and then becomes 
smaller as L increases. On the contrary, the excited state 
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Radiative flux from hydrogen plasmas at 
M = 50 (n = 2, S = 0.5, T = 300°K, P = 
1°cm Hg, T = 2553~oK,--------g~ound state, 0 
- - - exci€ed state, ground + excited) 
at small values of L, it then becomes greater at large 
values of L. This occurs because the constant S shock 
layer has smaller value of T and greater value of T 
0 l 
than variable S shock layer. 
For small values of L, the excited state flux for 
variable S is smaller than that for constant 8 because 
the excited state population is smaller in the cooler 
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region. This decreases the excited state optical thickness 
and in turn decreases flux because in this case the flux 
As L increases, the excited 
state flux for constant 8 becomes smaller than it is for 
variable S because of self-absorption. Self-absorption 
in the high temperature region of the shock layer becomes 
very important for the case for constant 8. Since the 
high temperature determines the excited state population 
the variable S plasma still has a cool region where it is 
optically thin. Hence, more of the radiation emitted near 
the shock wave reaches the rear boundary in the variable 
B case. 
For M = 30 the difference between the variable S 
0 
and constant S between excited state population at a given 
position in the shock layer is greater than it is for 
Therefore, the difference in excited state flux 
between the variable and constant S cases for M0 = 30 is 
greater than it is for M = 50 as is shown in Figures 22 
0 
and 23. For small values of L the excited state flux at 
60 
M = 30 for constant S is about 2 times of that for vari-a 
able S, while at M = 50 the excited state flux for con-
a 
stant S is about 1.3 times its value for variable S. For 
a large value of L, say L = 100 em, the excited state flux 
for variable s is about 4.5 times that of the constant s 
case for M = 30, while for M = 50 the excited state flux 0 0 
for variable s is about 2.5 times of the constant s case. 
The excited state flux is added to the ground state 
flux to give the total flux as given in Figures 22 and 2 3. 
At small shock layer thickness, the assumption of constant 
S gives a better approximation to the total flux than it 
does for the ground and excited state fluxes individually 
because they vary in the opposite directions cancelling 
out the error. As L becomes large,the flux becomes 
entirely excited state so that the assumption of constant 
S introduces errors of the same magnitude as it does for 
the excited state alone. 
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VI. REENTRY PROBLEM 
The "reentry" solution was calculated for entry into 
a hydrogen atmosphere. The ambient density was varied 
between 10-9 and 10-6 g/cm 3 . The shock layer thickness was 
assumed to be 1.0 ern. The ambient temperature was 300°K 
and Mach number was varied between 25 and 50. These con-
ditions approximate entry into the atmosphere of Jupiter. 
A. Ground state 
The optical thickness and flux results are shown as a 
function of the reference temperature (Tr) in this section. 
The Mach number corresponding to a given T can be found 
r 
from Figure 9. The minimum and maximum T for a given 
r 
ambient density shown in the figures corresponds approxi-
mately to Mach numbers of 25 and 50 respectively. 
Figure 24 gives the optical thickness of the isothermal 
and nonisothermal shock layers for various ambient densities 
as a function of T . 
r 
The atoms in the shock layer are 
assumed to exist only in the ground state. As G decreases 0 
from unity, the optical thickness increases because in the 
cool region near the wall the ground state is highly popu-
lated. Note that the optical thickness varies directly 
(almost linearly) with the ambient density at constant Tr. 
Figure 25 shows the influence of the ambient density 
(p 0 ) on the flux for l ern thick isothermal shock layers. 
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Figure 25. Radiative flux from hydrogen plasmas for 
reentry problem (9 = 1.0, n = 1, T = 
300°K, L = 1 em) 0 0 
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The flux increases as p 0 increases from 10-g to 10-6, 
however, the rate of increase becomes less rapid at large 
ambient densities. The flux increases because the optical 
thickness increases increasing the emission. As p 0 
increases absorption becomes important and slows down the 
rate of increase of the flux. At an ambient density 
of 10-6 the plasma is very close to its optically thick 
limit. 
At large ambient densities, the flux increases con-
tinuously in the range of interest as T increases because 
r 
of the increase in the strength of the source function; 
while at small ambient densities, the flux first increases 
and then decreases because of the depopulation of the 
ground state (see Table A-6). 
Figure 26 shows flux to the surface from a noniso-
thermal hydrogen plasma at 9 0 = 0.5 for various ambient 
densities as a function of T . If one considers a value 
r 
of T , the flux to the wall is small at low ambient densi-
r 
ties because the optical thickness is small. 
increases the optical thickness increases making the 
emission more important and increasing the flux. As p 0 
increases further, absorption becomes important because of 
the increase in optical thickness and begins to reduce the 
flux. The flux goes through maximum between p0 = 10-B 
and 10-7 (near optical thicknesses of unity) as absorption 
becomes more important than emission. As p 0 increases 
beyond 10-6 the flux will decrease toward its optically thick 
limit. 
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Figure 27 shows the flux at e = 0.0 for various 
0 
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ambient densities as a function of T . 
r 
It shows the same 
trends as Figure 26 except the optically thick limit for 
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B. Excited state 
The radiation from the first excited state is calcu-
lated for hydrogen at ambient density of 10-8 . Super-
posing the excited state flux with that of the ground state 
gives the total flux. 
Figure 28 gives the excited state optical thickness 
as a functi.on of Mach number and/or T . For the isother-
r 
mal plasma the excited state optical thickness increases 
as Mach number increases at small Mach numbers because the 
excited state population increases due to the increase in 
shock layer density and temperature (see Table A-6). As 
Mach number increases further, the excited state optical 
thickness reaches its maximum and then decreases because 
the excited state population begins to decrease due to the 
high temperatures. 
For the nonisothermal cases, the excited state optical 
thickness increases continuously as ~iach number increases 
from 25 to 50. As the Mach number increases, the tempera-
ture increases; however, there is always a cooler region 
in the shock layer where the excited state is not depopula-
ted. thus the optical thickness increases even the temper-
ature gets very large. 
Figure 29 shows the ground state flux and the total 
flux as a function of Mach number for both the isothermal 













Figure 28. Excited state optical thickness of hydro-
gen shock layers for reentry problem 








30 35 40 45 50 
Mo 
Radiative flux from hydrogen pla~mas for 
reentry problem (n = 2, p = 10- g/cm3, 
T = 300oK, L = 1 em, - - 0 - ground state, 
0 ground + excited) 
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adding the excited state flux to the ground state flux. 
The excited state flux is small but not negligible com-
pared with the ground state flux. 
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VII. HELIUM, ARGON AND XENON 
The method for calculating radiative flux from hydro-
gen plasma is applied to helium, argon and xenon plasmas. 
This allows the influence of the physical properties such 
as mass and the ionization potential to be examined. The 
results for the isothermal case will be presented first, 
then the nonisothermal results will be given. The shock 
layer thickness is assumed to be 0.01 em and the ambient 
conditions are P = 1 em Hg and T = 300°K. 0 0 Only the 
ground state is allowed to exist. The optical thickness 
and flux results are given as a function of reference 
temperature (T ) 
r 
in the range between l0,000°K and 
The Mach number corresponding to Tr for differ-
ent gases is given in Figure 10. The optical thickness 
and flux results for hydrogen plasmas are also shown in 
the figures in this chapter for reference but they are 
not discussed. 
A. Isothermal shock layers 
Figure 30 gives the optical thickness as a function of 
T for the four gases. 
r 
For each gas, the optical thick-
ness first increases with T because the corresponding shock 
r 
layer density increases. Then the optical thickness reaches 
its maximum and decreases because the large temperatures 
decrease the population of the ground state. The difference 
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Bo=I.O 
0.1~--~--L---L---L-__ ._ __ ._~~--~--~~ 
30000 40000 50000 60000 
Tr (oK) 
10000 20000 
Figure 30. Optical thickness of hydrogen, helium, 
argon and xenon shock layers (~0 = 1.0, 
T = 300°K; P = 1 em Hg) 
0 0 
74 
in optical thickness among the three gases (He, Ar and Xe) 
is mainly determined by the cross section and the shock 
layer degree of ionization which in turn are function of 
the atom mass and ionization potential. 
optical thickness of xenon shock layers 
that of the other two gases because of 
section; while at large T the optical 
r 
and argon shock layers becomes smaller 
At small T the 
r 
is larger than 
the larger cross 
thickness of xenon 
than that of helium 
because they become highly ionized due to their large mass 
and low ionization potential. Shock waves in helium have 
the smallest optical thickness at small T because helium 
r 
has the smallest cross section; while at large T helium 
r 
shock layers have the largest optical thickness because 
helium has lowest value of the degree of ionization. The 
properties of argon are between those of xenon and helium. 
Figure 31 shows the isothermal flux to the rear boundary 
of the shock layer as a function of Tr for the four gases. 
At small Tr the flux increases with Tr because the strength 
of the source function increases. As T increases further, r 
the flux reaches its maximum and decreases, because the 
ground state becomes depleted reducing the emission. The 
shock layer becomes optically thin. 
The dimensionless flu.x from xenon and argon shock 
layers is greater than it is from helium shock layers at 
small T because of the small optical thickness of helium. 
r 






:30000 40000 50000 60000 
Tr (OK) 
Figure 31. Radiative flux from hydrogen, helium, 
argon and xenon plasmas (90 = 1.0, T0 = 
300°K, P = 1 ern Hg, L = 1 ern) 
0 
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argon plasmas becomes smaller than that from helium plasmas 
because the ground state in xenon and argon shock layers 
becomes depleted causing them to become optically thin 
while that for helium shock layers remains populated. 
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B. Nonisothermal shock layers 
Figure 32 gives the optical thickness for the non-
isothermal shock layers as a function of T for the four 
r 
gases. The optical thickness first increases as T 
r 
increases because the shock layer density increases. The 
optical thickness reaches its maximum and decreases for 
further increases in T because of the depopulation of the 
r 
ground state. 
The optical thickness increases as 9 decreases at 
0 
constant T because for small 9 , there always is a cooler 
r o 
region in the shock layer where the ground state is highly 
populated. The influence of the absorption cross section, 
mass and ionization potential show the same trends as they 
did in the isothermal case. 
Figure 33 gives the radiative flux as a function of 
T for the four gases for the temperature profile with 
r 
90 = 0.5. The flux increases as Tr increases because the 
strength of the source function increases. As T increases r 
further, the flux reaches its maximum and then decreases 
because of the depopulation of the ground state in the 
high temperature region of the shock layer where the most 
intense flux is emitted. 
Xenon plasma produces its maximum flux at a smaller 





Oo=0.5 and 0.0 
30000 40000 50000 60000 
Tr (oK) 
Figure 32. Optical thickness of hydrogen, helium, argon 
and xenon shock layers (9 = 0.5 and 0.0, 
0 0 T 0 = 300 K, P 0 = 1 em Hg, ~-e0 = 0.5, 










Figure 33. Radiative flux from hydrogen, helium, 
argon ang xenon plasmas (9 = 0.5, 
T = 300 K, P = 1 em Hg, 0 L = 1 em) 
0 0 
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At small Tr' the flux from xenon shock layers is 
larger than the others because the optical thickness for 
xenon plasmas is greater; while at large T , the flux 
r 
from xenon shock layers becomes smaller than from argon 
and helium shock layers due to the depletion of the ground 
state of xenon near shock wave where the most intense flux 
is emitted. 
Figure 34 gives the flux as a function of Tr from 
shock layers composed of the four gases for e0 = 0.0. 
These results show the same trends as those with e0 = 0.5 
except the flux from xenon plasmas becomes smaller than 
0 that for argon at a smaller value of T around 15,000 K. 
r 
This occurs because xenon shock layers are almost optically 










Figure 34. Radiative flux from hydrogen, helium, 
argon and xenon plasmas (9 = 0.0, T = 0 0 0 300 K, P 0 = 1 em Hg, L = 1 em) 
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VIII. CONCLUSIONS 
This study investigates the continuum radiative flux 
from the nonisothermal shock layers composed of an atomic 
gas. The radiation model developed previously by Nelson 
and Crosbie(l 4 ) is used. 
The Rankine-Hugoniot equations are simplified and 
solved to give the temperature and the density in the 
shock layer. The Rankine-Hugoniot solutions, which con-
sider only the ground state, appear to agree with the pre-
vious results which considered the reduction of ionization 
potential and allowed both the ground and excited states; 
however, the radiation for these approximations will be 
quite different. 
Discussion of the continuum radiative flux from hydro-
gen plasmas composes a large position of this study. The 
importance of the temperature profiles, the influence of 
Mach number and ambient density on the flux are examined. 
The temperature profiles greatly influence the flux. 
Generally, the flux increases as ~0 increases at constant 
Mach number. In the optically thick limit, the combined 
effect of self-absorption and the nonisothermal temperature 
profiles make the shock layer approach the thick limit from 
above rather than from below as it does in the isothermal 
case. 
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The shock layer temperature increases decreasing the 
ground state population as Mach number increases. There-
fore, the flux increases as Mach number increases at smaller 
Mach numbers. It then decreases as Mach number continues 
to increase because of the depopulation of the ground state. 
The optical thickness varies directly and almost 
linearly with the ambient density. Hence, the plasmas vary 
from optically thin to optically thick as the ambient den-
sity increases. For the isothermal case the flux increases 
continuously as the ambient density increases at constant 
T ; while for nonisothermal cases the flux first increases 
r 
then decreases. 
The influence of treating S as a constant has been 
investigated for both the ground state and excited state 
flux. At small values of shock layer thickness the ground 
state flux for variable S is greater than it is for con-
stant S; while at large values of shock layer thickness 
the ground state flux for variable S is smaller than it is 
for constant S. The excited state flux for variable S is 
smaller than it is for constant S at small values of shock 
layer thickness; while at large values of shock layer 
thickness the excited state flux for variable S is greater 
than that for constant S. This occurs because the value of 
S for constant f shock layer is evaluated at Tr, hence the 
constant S shock layer has smaller L0 and greater Ll than 
variable S shock layers. 
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The assumption of constant S is good only near 
T 0 = 1 when only ground state is considered. When the 
first excited state is allowed in addition to ground state, 
the assumption of constant S gives a reasonable approxi-
mation at small values of optical thickness. 
The method of superposition is used to extend the flux 
results to multiple electronic level atomic gases. The 
excited state flux was calculated and added to the ground 
state flux to give the total flux. The excited state flux 
is small but not negligible compared with the ground state 
flux for small values of optical thickness. For the non-
isothermal cases, the excited state flux becomes very large 
compared to the ground state flux as the shock layer thick-
ness increases. 
The method of the numerical solution has also been 
applied to helium, argon and xenon shock layers. These 
results show that the flux increases as the absorption 
cross section increases at small values of T because of 
r 
the increase in optical thickness increasing the emission. 
At large values of T the flux decreases as ionization poten-
r 
tial decreases because the ground state population decreases. 
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IX. APPENDICES 
APPENDIX A. RANKINE-HUGONIOT SOLUTIONS 
Tables A-1 to A-4 give the solutions of the Rankine-
Hugoniot equations for shock waves in hydrogen, helium, 
argon and xenon atmospheres respectively. The solutions 
are shown for the ground state only (n = 1) and the ground 
state plus first excited state (n = 2) cases. The condi-
tions in front of shock were taken to be P = 1 em Hg 
0 
-2 0 (1.316 x 10 atmospheres) and T = 300 K. 
0 
Tables A-5 and A-6 list the solutions of the Rankine-
Hugoniot equations for shock waves in hydrogen atmospheres 
for different ambient densities. 
Table A-7 compares solutions of the Rankine-Hugoniot 
equations from the current study (only ground state allowed) 
with those of Nelson(lS) (who allowed eleven excited states). 
The Mach number is defined as the ratio of the local 
flow velocity to the local speed of sound. The speed of 
R 
sound is calculated using Va = (y Mu T) 1/ 2 , where y is the 
specific heat ratio (Cp/Cv), Ru is the universal gas con-
stant, M is the molecular weight of the gas and T is the 
absolute temperature. The values of M, y(l6 ) and Va for 
each gas are given in Table A-I for molecular hydrogen and 
atomic helium, argon and xenon. 
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Table A-I Values of M, y and V 
a 
Hydrogen Helium Argon Xenon 
M(g/mole) 2. 016 4.0026 39.948 131.30 
y(C /C ) 1.41 1.66 1.67 1. 66 p v 
V (em/sec) 13213.4 10196.4 3220.8 1776.5 
a 









n = 1 n = 2 
K(=p1/Po) a T1(0K) K(=p1/Po 
7.938 0.1056 14250.9 7.947 
8.810 0.1939 16053.2 8.827 
9.542 0.2964 17704.9 9.566 
10.092 0.4160 19 339.8 10 .12 3 
10.449 0.5340 21067.3 10.483 
10.593 0. 66 30 23036.2 10.625 
10.484 0.7907 25530.4 10.507 
Rankine-Hugoniot solutions (Hydrogenj T = 300°K, 











Mach No. T 1 (OK) 
10 9387.3 
14 16280.7 








50 66 711.8 
Table A-2. 
n = 1 n = 2 
K(=pl/Po) a T 1 (OK) K(=pl/pO) 
4.001 0. 9387.3 4.001 
4.643 0.0188 16280.5 4.643 
6. 30 8 0.0880 19 89 3. 0 6. 309 
7.946 0.1854 22492.3 7. 9 49 
9.347 0.3047 24787.2 9.352 
10.445 0.4430 27034.2 10.454 
11.205 0.5972 29456.9 11.216 
11.556 0.7609 32463.4 11.567 
11.252 0.9138 37392.2 11.257 
9.777 0.9902 48922.2 9.776 
8.252 0.9987 66730.6 8.252 
Rankine-Hugoniot solutions (Helium, 3T = 300°K, 















n = 1 n = 2 
Bach No. Tl (OK) K(=pl/Po) a T 1 (OK) K(=pl/pO) a 
10 9036.7 4.179 0.0045 9 0 36.6 4.179 0.0045 
14 12516.8 6.061 0.0758 12514.8 6.063 0.0757 
18 14613.0 8.10 4 0.1960 14609.1 8.110 0.1955 
22 16426.3 9.772 0. 349 8 16421.4 9.785 0.3486 
26 18262.3 10.9 53 0.5315 18258.4 10.9 70 0.5296 
30 20479.0 11.554 0.7326 20481.4 11.5 71 0. 7 301 
34 24348.5 11.213 0.9231 24373.0 11.216 0.9207 
38 34826.0 9.241 0.9954 34850.0 9.239 0.9944 
42 49908.7 7.665 0.9996 49920.7 7.664 0.9992 
46 66620.4 6.746 0.9999 66627.1 6.746 0.9997 
50 84796.1 6 .15 7 0.99996 84800.4 6.157 0.99993 (X) 
1..0 
Table A-3. Rankine-Hugoniot solutions (Ar~on, T0 = 300°K, 
P 0 = 1 em Hg, Po = 2.136 x 10- g/cm3) 
n = 1 n = 2 
Mach No. T 1 (OK) K(=pl/pO) a Tl(OK) K(=pl/Po) a 
10 8260.4 4.648 0. 019 4 8259.8 4.6 49 0. 019 4 
14 10691.9 6.950 0.1261 10688.8 6.955 0.1258 
18 12437.3 8.998 0.2833 12432.2 9.011 0.2822 
22 14097.5 10.470 0.4790 14092.8 10.491 0.4768 
26 16034.5 11.249 0.7028 16035.9 11.2 70 0.6997 
30 19405.9 10.950 0. 919 2 19431.1 10.954 0.9160 
34 28919.0 8.859 0.9960 28944.9 8.857 0.9948 
38 42519.4 7.311 0.9996 42530.6 7.310 0.9992 
42 57690.1 6.441 0.9999 57696.3 6.441 0.9997 
46 74324.1 5.894 0.99997 74328.4 5.894 0.9999 
50 92423.3 5.524 0.99998 92426.4 5.523 0.99993 \0 
0 
Table A-4. Rankine-Hugoniot solutions (Xenon, T0 =300°K, 
P0 = 1 em Hg, Po= 7.02 x lo-5 g/cm3) 
n = 1 n = 2 
Mach No. T 1 (OK) K(=pl/Po) a Tl(OK) K(=P1/p 0) Cl. 
-6 3 Po = 10 g/cm (P0 = 0.93 em Hg) 
25 13701.6 7.740 0. 0 869 13695.2 7.747 0. 0 86 6 
30 15984.6 8. 851 0.1951 15973.8 8o866 0.1940 
35 18023o3 9.745 Oo3255 18010ol 9.770 0 0 32 35 
40 20074o3 10 0 350 Oo4734 20062o2 10.381 Oo4703 
45 22371.2 10.635 Oo6332 22367.7 10.666 Oo6291 
50 25355o9 l0o536 0.7938 25373.8 10.558 0.7892 
-7 3 Po = 10 g/cm (P0 = 0.093 em Hg) 
25 12113.3 8. 719 0.1095 12112.0 8.721 0. 109 4 
30 13777.2 10.152 0.2286 13775.0 10 .156 0.2283 
35 15273.8 11.294 0.3708 15271.2 11.302 0.3702 
40 16804.0 12.073 0.5320 16802.0 12.0 83 0.5310 
45 18603.0 12.424 0.7063 18603.2 12.433 0. 70 51 
1.0 
50 21313.4 12.144 Oo8773 21320.2 12.148 0.8760 ~ 
Table A-5. Rankine-Hugoniot solutions (Hydrogen,p 0=lo-6 and lo-7 g/cm3 ,T0=300°~ 
n = 1 n = 2 
Mach No. T 1 (OK) K(=p1/p0) Cl. T1(oK) K(=p1/p0) Cl. 
-8 -3 p1=10 (P0 = 9.3 x 10 em Hg) 
25 10752.1 9.785 0.1295 10751.8 9.786 0.1295 
30 12000.3 11.543 0.2568 11999.9 11.545 0.2567 
35 13131.2 12.948 0. 40 80 13130.7 12.951 0.4078 
40 14306.9 13.916 0.5797 14306.5 13.919 0.5794 
45 15768.0 14.332 0.7654 15768.2 14.334 0.7651 
50 18505.5 13.672 0. 9 39 7 18507.8 13.6 72 0.9394 
-9 -4 P0=10 (P0 = 9.3 x 10 em Hg) 
25 9605.4 10.915 0.1468 9605.3 10.916 0.1468 
30 10567.1 13.004 0. 2 80 4 10567.0 13.005 0.2804 
35 11444.2 14.685 0.4387 11444.1 14.685 0.4386 
40 12371.0 15.856 0. 6186 12 3 70.9 15.857 0.6185 
45 13596.3 16.330 0.8134 13596.3 16.330 0.8133 
50 16777.7 14.866 0. 9 801 16778.2 14.866 0. 9 800 
Table A-6. Rankine-Hugoniot solutions (Hydrogen, Po = 10-8 
and 1o-9 g/cm3, T = 300°K) ~ 
0 1:\.) 









Nelson's work(l 5) This work per cent of 
V (fps) 
0 
Pl (g/cm3) T 1 (OK) Pl (g/cm3) Tl(oK) Temp. deviation 
140000 6.24xl0 -4 23908 6 .10xlo-4 25217 5.5 
140000 7.22x10 -5 20538 7.14x10 -5 21042 2.5 
140000 8.37x10-6 17487 8.33x10-6 17678 1.1 
140000 9.64xl0-7 14964 9.63x10 -7 15034 0.5 
190000 6. 80xl0 -4 33076 6.88xl0-5 34600 4.6 
190000 8.11xl0 -5 27326 8.15x1o-5 27786 1.7 
190000 9.54xl0-6 22631 9. 59xl0 - 6 22719 0.4 
190000 ll.lOxl0-7 18992 ll.l5xl0 - 7 18957 -0.2 
Table A-7. Comparison of the Rankine-Hugoniot solutions 




APPENDIX B. ABSORPTION COEFFICIENTS 
The spectral variation of the absorption coefficient 
are taken to be o.f the form of (v ;v) q. Table B-I gives 
n 
the values for hv0 and hv 1 for the four gases 




H 13.6 3.40 
He 24.6 3. 9 8 
Ar 15.8 4.10 
Xe 12.2 3.22 
A. Hydrogen 
The continuum absorption coefficient for ionization 
. ( 17) from the nth electronic state lS 
K (n,=} = N o 
v n vn 
where Nn is the number density at nth state. It is given 













gn = 2 (n + 1)2 
£ = [1 - (n+1) - 2 ] IH n 
ZH = L: gn exp (-£ /kT) n 
n 
The continuum absorption cross section (bound-free), crvn' 
is given by Kramers' formu1a< 17 >. 
crvn = 7.9 X 10-18 
where 
z = 1 









The absorption cross section at ionization edge, crcn' is 
cr 
en 
1. n = 1 
= 7.9 x 10-18 (n + 1) 
K(O,oo) = N cr 
v 3 
= 7.9 X 10-18 _2_ (1-a.) (~) 
tnH v V 0 V.::> 
cr = co 
7.9 X 10-18 
S(x) = 7.9 X 10-18 __£_ (1-a.) 
mH 




2. n = 2 
where 
B. Helium 
K(O,oo) = N a 
0 \)0 
18 pgo v 
= 7. 9 x 10- ( 1-a) (....E.) 3 v 
tnHZH V ~_v 0 
s0 (x) 10
-18 pgo 
= 7.9 x -- (1-a) ~ZH 
v > v 
0 
-18 pgl 
= 2(7.9xl0 ) --- (1-a)exp(-£ 1/kT) mHzH 
a = 2(7.9 x lo-18 ) 
cl 
The continuum absorption cross section for the ground-
free transition of helium is(lS) 
and 
\) 2 
avo = 14.2 x l0-18 CvJ.> 
a 
co 
= 14.2 X 10-l 8 








a(\J) and S(x) may be written as 
C. Argon 
S(x) = 14.2 x 10-18 __ P_ (1-a) 
mHe 
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\) > \) 
0 
The continuum absorption cross section for ground-free 








= 35 X 10-18 
K(O,oo) = N (J 
\)0 \) 0 
= __ P_ (1-a) 
mAr 
a(v) and S(x) may be written as 
\) > \) 
0 
a (v) 
S ( x) 
D. Xenon 
= ( \) IV) 2 
0 
= 35 X 10-lB __ P_ (1-a) 
mAr 
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The continuum absorption cross section for the ground-
free transition for xenon is taken from Rustigi, Risher 








= 178 X 10-l8 
K (0 ,=) 
\) 
N = _P_ (1-a) 
o mxe 
a(v) and S(x) may be written as 
S(x) 178 X 10-l 8 _P_ (1-a) m Xe 
v > Vo 
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APPENDIX C. NUMERICAL SOLUTIONS 
The radiative flux as given by equation (2-10) is 
evaluated by double numerical integration. The basic 
program was developed by Nelson and Crosbie(l4 ). The 
frequency integration is performed using Simpson's rule 
with a fixed step size of ~v = 0.1 and is terminated at 
v = 20 for v. < 7 and at v = 2.5 v. for v. > 7. The 
~ - ~ ~ 
spacial integration also uses Simpson's rule, but the step 
size generally increases with optical depth. The step 
size is always such that the nondimensional temperature 
increment is less than 0.025. The restricted nondimen-
sional temperature increment of 0.025 was picked by using 
different values and comparing their results. In some 
cases as shown in Figure C-1, a small increase in optical 
depth involves a large change in temperature. The temper-
ature change in one step has to be restricted to insure 
the accuracy of the integration. Maximum step size of 0.025 
seemed to optimize computer time and numerical accuracy. 
Figure C-1 shows the variation of & with respect to 
TjT • 
0 
For the constant S case, & increases as a linear 
function of -r/-r 0 . For variable S cases, & increases 
slowly at small -r/-r and then increases very rapidly at 
0 
large -r/T because of the depopulation in the high tempera-
a 




0.2 0.4 0.6 0.8 
T/To 
Figure C-1. Variation of shock layer temperature 
with respect to0 optical depth (Xe, 
n = 1, T = 300 K, P = 1 em Hg, e0 = 0.0) 0 0 
1.0 
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shown in Figure C-1, the spacial integration steps were 
forced to very small in the regions of large T/T • 
0 
The integration for the excited state flux is 
carried out in exactly the same manner as that for the 
ground state, except that the frequency integration is 
stopped at v = 15 for all cases. 
The program starts the numerical integrations at the 
wall which is in the cool region of the shock layer. When 
the excited radiation is considered it sometimes is 
necessary to start the numerical integration at a position 
where the excited population has reached a given level,rather 
than at the wall. The excited state optical thickness is 
essentially zero over a rather large physical length. 
The accuracy of the numerical integration is checked 
by using a trapezodial scheme. 
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APPENDIX D. PARTITION FUNCTION 
A. Electronic 
1. Atomic gas 
The electronic partition function for an atomic gas 
is (18) 
z~ = E gn exp(-sn/kT) 
n 
where g is the statistical weight and E is the energy 
n n 
of the nth electronic level. For hydrogen, 
2(n + 1) 2 
and 
where IH is the ionization limit of atomic hydrogen. 
For helium, argon and xenon, the values of g , E and 
n n 
I are taken from Moore( 2 l) and are shown in Table D-I. 
Table D-I. Values of g , E and I 
n n 
Hydrogen Helium Argon Xenon 
go 2 1 1 1 
gl 8 16 12 12 
g2 16 36 36 36 
-1 0 0 0 0 s 0 (crn > 
s 1 (cm-1) 82281.5 166583.0 94211.0 7212 3. 9 
s (cm-1) 97518.7 186000.0 106 36 3. 0 82876.4 
I 2 (cm-1)109708.6 198305.0 127110.0 97834.4 
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2. Singly ionized gas 
The electronic partition function for singly ionized 
gas is(lB) 
Zt+ = E gn exp(-£n/kT) 
n 
where g is the statistical weight and £ is the energy 
n n 
of the nth electronic level of singly ionized gas. For 
helium, 
and 
-2 £n = IHe+ [1-(n+l) ] 
where IHe+ is the ionization limit of singly ionized 
helium. For argon and xenon, the values of g and £ 
n n 
are taken from Moore( 2 l). 
In this study, the ionized gas was assumed to exist 
only in the ground state - no excited states were con-
sidered. Therefore, the electronic parition function 
for singly ionized gas is equal to the ground state 
statistical weight. That is 2 for helium, 4 for argon 
and xenon. 
3. Protons and electrons 
The electronic partition function of protons and 





The translational function for any particle of mass 
. . b ( 15) 
m lS g1ven y 
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